Rules for integrands of the form u Trig[d (a + b Log[c x"]) ]P
1. J-usin[d (a+bLog[cx"])]” ax
1. Jsin[d (a+blLog[cx"])]"dx
1. |Sin[d (a+bLog[cx"])]?dx when pez* A b>d*n’p?+1#0

1: [sin[d (a+bLog[cx"])] dx when b*d*n*+1#@

Rule: If b2d?n? + 1 # 0, then

xSin[d (a+bLog[cx"])] bdnxCos[d(a+blLog[cx"])]
b2d®’n2+1 - b2d?’n?+1

jsin[d (a+blog[cx"])] dx —

Program code:

Int[Sin[d_.+(a_.+b_.xLog[c_.*x_"n_.])1,x_Symbol] :=
X*Sin[d* (a+bxLog[cxx”*n]) ]/(b"2*d"2*n"2+1) -
bxdxnxxxCos [d* (a+bxLog[cxx*n]) ]/ (b*2xd*2xn*2+1) /;

FreeQ[{a,b,c,d,n},x] && NeQ[b*2xd"2xn"2+1,0]

Int[Cos[d_.*(a_.+b_.xLog[c_.*x_"n_.])]1,x_Symbol] :=
xxCos [d* (a+bxLog[cxx”*n]) ]/ (b*2xd”2xn*2+1) +
bxdxnxx*Sin[d* (a+bxLog[c*Xx"n]) ]/(b"Z*d"Z*n"2+1) /3

FreeQ[{a,b,c,d,n},x] && NeQ[b”2xd"2xn"2+1,0]



Rules for integrands of the form x~m trig(a+b log(c x~n))\p

2: [sin[d (a+bLlog[cx"])]Pdx whenp-1ez* A b>d?>n’p?+1+0

Rule:If p-1 ez A b2d?n?p?+1 +0,then

jsin[d (a+blog[cx"])]Pdx —

xsin[d (a+bLlog[cx"])]® bdnpxCos[d(a+bLog[cx"])]sin[d (a+bLog[cx"])]"* b2d2n2p (p-1)
- +

. p-2
b2d?n?p?+1 b2d2n?p? +1 b? d? n? p? + 1 JSln[d (a+blog[ex"]) ] ax

Program code:

Int[Sin[d_.#(a_.+b_.xLog[c_.*x_"n_.])1"p_,x_Symbol]| :=
x*Sin[d*(a+b*Log[c*xAn])]Ap/(bAz*dAz*nAz*pA2+1) -
bxdxnxpxx*Cos [d* (a+bxLog[c*x*n]) ]*Sin[d* (a+bxLog[c*x"n]) 1" (p—1)/(b"z*d"z*n"z*p"2+1) +
b”2xd*2xn"2xp* (p-1) / (b~2xd*2xn*2xp~2+1) xInt [Sin [d* (a+bxLog[c*x*n]) ]~ (p-2) ,X] /5
FreeQ[{a,b,c,d,n},x] && IGtQ[p,1] && NeQ[b"2xd"2xn"2xp”~2+1,0]

Int[Cos[d_.*(a_.+b_.xLog[c_.*x_"n_.])]1”p_,x_Symbol] :=
x*Cos [d* (a+bxLog[c*x”*n]) 1*p/ (b"2xd*2xn"2xp"2+1) +
bxdxnxpxxxCos [d* (a+bxLog[cxx*n]) ]~ (p-1) *Sin[d* (a+bxLog[cxXx”*n]) ]/(b"Z*d"Z*n"Z*p"2+1) +
b”2xd*2xn*2xp* (p-1) / (b~2%xd*2xn"2xp”2+1) *Int [Cos [d* (a+bxLog[c*x"*n]) 1~ (p-2),X] /;
FreeQ[{a,b,c,d,n},x] && IGtQ[p,1] && NeQ[b”2xd"2xn"2xp”~2+1,0]



Rules for integrands of the form x~m trig(a+b log(c x~n))\p

2. |Sin[d (a+bLog[x])]Pdx

1: |Sin[d (a+blLog[x])]1Pdx whenpez* A b>d?’p?+1:==0

Derivation: Algebraic expansion

Basis: If b? d? p2 +1==0 A peZ,thensin[d (a+bLog[x])]’ = —2 (eabdsz's—e‘abdsz%)p

2P bP dP pP

Basis: If b d*p? + 1 == @ A p € Z,then cos[d (a+bLog[x1)]" = £ (e**¢Px s+ e xs)”

2P

Note: The above identities need to be formally derived, and possibly the domain of p expanded.

Rule:If p e z* A b2d? p? +1 == 0, then
1

jsin[d (a+blog[x])]Pdx — ——
2P bP dP pP

1 1 p
JExpandIntegrand [ (ea bd*p x5 _ gabd’p xF) , x] dx

Program code:

Int[Sin[d_.*(a_.+b_.xLog[x_])]1"p_.,x_Symbol] :=
1/ (2*p*b”p*d*pxp”p) *Int [ExpandIntegrand[ (E* (axbxd*2xp) xx” (-1/p) -E” (-axbxd*2xp) *x* (1/p) ) *p,Xx]1,X] /;
FreeQ[{a,b,d},x] && IGtQ[p,0] && EqQ[b*2xd"2xp~2+1,0]

Int[Cos[d_.=*(a_.+b_.xLog[x_1)1”p_.,x_Symbol] :=
1/2”p»Int [ExpandIntegrand[ (E* (axb*xd”2xp) *x~ (-1/p) +E~ (-axb*xd”2xp) *x” (1/p) ) *p,X]1,X] /;
FreeQ[{a,b,d},x] && IGtQ[p,0] && EqQ[b*2xd"2xp~2+1,0]



Rules for integrands of the form x~m trig(a+b log(c x~n))\p

X: J-Sin[d (a+bLog[x])1Pdx when pez

Derivation: Algebraic expansion

1_g2iad y2ibd

Basis: sin [d (a+bLogx])] = YT

Zﬂadxzflhd

Basis: cos [d (a+bLog[x])] = %

2 eiad yibd

Rule: If p € Z, then

2iad Zibd)P

1 (1-e X
Jsin[d (a+blLlog[x])]1Pdx — J dx
(_Zi)peiadp xibdp

Program code:
(* Int[Sin[d_.*(a_.+b_.*Log[x_])]"p_.,x_Symbol] :=
1/ ((-2%I)*p*E” (Ixaxdxp) ) *Int[ (1-E~ (24Ixaxd) *x* (2xIxbxd) ) *p/x* (Ixbxdxp) ,x] /;

FreeQ[{a,b,d},x] && IntegerQ[p] =*)

(* Int[Cos[d_.=*(a_.+b_.xLog[x_1)1”p_.,x_Symbol] :=
1/ (2"p*E~ (Ixa*xdxp) ) *Int[ (1+E” (24Ixaxd) *x* (2xIxbxd) ) *p/x* (Ixbxdxp) ,x] /;
FreeQ[{a,b,d},x] && IntegerQ[p] =*)

2: |Sin[d (a+bLog[x])]1°dx when p¢z

Derivation: Piecewise constant extraction

HP. 3 pyibdp
BaS|S. Ay Sin[d (a+bLlog[x])]Px =0

(1_eziadx2ibd)[’

HP. pyibdp
BaS|S. Ay Cos[d (a+blog[x])]1Px =0

(1+eziadx2ibd)[’

Rule: If p ¢ Z,then



Rules for integrands of the form x~m trig(a+b log(c x~n))\p

Sin[d (a+ bLOg[X])]pXibdp J_(l_eh‘ladxzibd)l’ 4
X

jsin[d (a+bLlog[x])]Pdx —
(1_e2jadX2ibd)P ibdp

X

Program code:

Int[Sin[d_.*(a_.+b_.xLog[x_1)]"p_,x_Symbol] :=
Sin[dx (a+bxLog[x]) ]*p*Xx” (Ixbxdxp) / (1-E~ (2xIxaxd) xx" (2xIxbxd) ) “p*
Int[ (1-E~(2xIxaxd) xx* (2xIxbxd) ) p/x” (Ixbxdxp),x] /;
FreeQ[{a,b,d,p},x] && Not[IntegerQ[p]]

Int[Cos[d_.*(a_.+b_.xLog[x_1)]1”p_,x_Symbol] :=
Cos [dx (a+bxLog[x]) ]*p*Xx” (Ixbxdxp) / (1+E~ (2xIxaxd) xx” (2xIxbxd) ) “p*
Int[ (1+E” (2%*Ixaxd) *x* (2xIxbxd) ) *p/x" (Ixbxdxp) ,x] /;
FreeQ[{a,b,d,p},x] && Not[IntegerQ[p]]

3: [sin[d (a+bLog[cx"])]"dx

Derivation: Piecewise constant extraction and integration by substitution

Basis:o,—— == 0

(C xn)l/n

Basis: ﬂcx—x]- = %Subst[ixm-J X, cx"] 8 (cx")

Rule:
n 1/"5' d bL n p
JSin[d (a+bLog[cx"])]Pdx — — J"(CX) in[d (a+blog[ex"])]"
(cxn)lln X
S Subs‘c[J‘xl/"‘1 sin[d (a+bLog[x])]Pdx, x, cx"]
n (cx")l/"

Int[Sin[d_.*(a_.+b_.xLog[c_.*x_"n_.])1"p_.,x_Symbol] :=
X/ (n* (C*x"n) A (1/n) ) #Subst [Int [x* (1/n-1) xSin[d« (a+bxLog[x]) ]1°p,X],X,c*x*n] /;
FreeQ[{a,b,c,d,n,p},x] && (NeQ[c,1] || NeQ[n,1])



Rules for integrands of the form x~m trig(a+b log(c x~n))\p
Int[Cos[d_.*(a_.+b_.xLog[c_.*x_"n_.])]17p_.,x_Symbol] :=

X/ (N* (cC*x”*n)~ (1/n)) *Subst [Int [x* (1/n-1) xCos [d* (a+bxLog[x]) ]*p,X],X,C*xXx*n] /;
FreeQ[{a,b,c,d,n,p},x] & (NeQ[c,1] || NeQ[n,1])

2. j(ex)'“sin[d (a+blLog[cx"]) ] dax
1. J(ex)msin[d (a+blog[cx"])]Pdx when pez* A b2d*n?p?+ (m+1)2#0

1: J(ex)msin[d (a+bLog[cx"])] dx when b?d*n*+ (m+1)>#0

Rule: If b2d?n?+ (m+1)2 # 0, then

(m+1) (ex)™*sin[d (a+bLlog[cx"])] bdn (ex)™*Cos[d (a+bLog[cx"])]

ex)"Sin[d (a+bLog[cx" dx
j( ) [d (2~ g[ex])] - b’d?en?+e (m+1)2 b’d’en®>+e (m+1)2

Program code:

Int[(e_.#x_)"m_.#Sin[d_.*(a_.+b_.xLog[c_.*x_"n_.])],x_Symbol] :=
(Mm+1) » (exx) ~ (m+1) *Sin[dx (a+bxLog[cxx~n]) ]/(b"z*d"z*e*n"2+e* (m+1) ~2) -
bxdxn* (exx)~ (m+1) *Cos [dx (a+bxLog[c*x”n]) ]/ (b”"2xd*2xexn"2+ex (Mm+1)"2) /;
FreeQ[{a,b,c,d,e,m,n},x] & & NeQ[b”2xd*2xn"2+ (m+1)~2,0]

Int[(e_.*x_)"m_.*Cos[d_.=*(a_.+b_.xLog[c_.*x_"n_.])],x_Symbol] :=
(m+1) * (exx) ~ (m+1) xCos [d* (a+bxLog[c*x”*n]) ]/ (b*2xd*2xexn”2+ex (m+1) ~2) +

bxdxnx (exx) A (m+1) *Sin[d* (a+bxLog[c*Xx"n]) ]/(b"z*d"z*e*n"2+e* (m+1)~2) /;
FreeQ[{a,b,c,d,e,m,n},x] & & NeQ[b”2xd*2xn"2+ (m+1)"2,0]

2: J(ex)’“sin[d (a+blog[cx"])]"dx whenp-1ez*A b>d*n’p’+ (m+1)2#0

Rule:if p-1ez*A b?2d?>n?p?+ (m+1)2 # 0, then

J(ex)msin[d (a+blLog[cx"])]Pax —



Rules for integrands of the form x~m trig(a+b log(c x~n))\p

(m+1) (ex)™*sin[d (a+bLlog[cx"])]® bdnp (ex)™!Cos[d (a+bLog[cx"])]Sin[d (a+bLog[cx"])]'°'1
- +

b2d’en?p?+e (m+1)? b’d’en’?p?+e (m+1)2
b>d*n*p (p-1)
b2d?n?p?+ (m+1)2

J(ex)msin[d (a+blog|c x“])]p'2 dx

Program code:

Int[(e_.*x_)"m_.*Sin[d_.*(a_.+b_.xLog[c_.*x_"n_.])1"p_,x_Symbol] :=
(M+1) » (e*xx) ~ (m+1) *Sin[dx (a+bxLog[cxx~n]) ]"p/(b"2*d"2*e*n"2*p"2+e* (m+1) ~2) -
bxdxnxp* (exx)~ (m+1) xCos [d* (a+bxLog[cxx*n]) ] *Sin[dx (a+bxLog[c*x"n]) ]~ (p-1)/(b"2*d"2*e*n"2*p"2+e* (m+1) ~2) +
b”2xd*2xn"2xp* (p-1) / (bA"2%xd*2xn"*2xp"2+ (M+1) ~2) *Int[ (e*x) *m*Sin[d* (a+bxLog[cxx"*n]) ]~ (p-2) ,x] /5
FreeQ[{a,b,c,d,e,m,n},x] & IGtQ[p,1] && NeQ[b”"2xd*2xn"2xp"2+ (m+1)~2,0]

Int[(e_.*x_)"m_.xCos[d_.x(a_.+b_.xLog[c_.*x_“n_.])]”p_,Xx_Symbol] :=
(m+1) * (exx) ~ (m+1) xCos [d* (a+bxLog[c*x”*n]) ]*p/ (b*2xd*2xexn"2xp~2+e* (Mm+1) *2) +
bxdxnxpx (exx)~ (m+1) *Sin[d* (a+bxLog[cxx”~n]) ] *Cos [dx (a+bxLog[c*x*n]) ]~ (p-1) / (b*2xd"*2xexn"2xp 2+ex (M+1)"2) +
b”2xd*2xn"2xp* (p-1) / (b*2%xd*2xn"*2xp”2+ (M+1) *2) *Int [ (exXx) *mxCos [d* (a+bxLog[c*x*n]) ]* (p-2),x] /;
FreeQ[{a,b,c,d,e,m,n},x] & IGtQ[p,1] && NeQ[b"2xd*2xn"2xp"2+ (m+1)~2,0]



Rules for integrands of the form x~m trig(a+b log(c x~n))\p

2. J-(ex)"‘sin[d (a+blLlog[x])]Pdx

1: J(ex)"‘sin[d (a+blLog[x])1Pdx whenpez* A b*d?’p?+ (m+1)2:=20

Derivation: Algebraic expansion

Basis: If b2d2p2+ (m+1)2==0 A p e Z,thensin[d (a+blogix])]" = U (e x5 - et x5 |
p P

2P bP dP pP

Basis: If b2d? p?+ (m+1)2==0 A p € Z,then Cos[d (a+blog[x])]” = (eaﬁp e x%)p

Note: The above identities need to be formally derived, and possibly the domain of p expanded.

Rule:lif pez* A b2d?p?2+ (m+1)2 == 0,then

(m+1)P
2P bP dP pP

abd?p m+l abd?p  m+l

- P
JExpandIntegr‘and[ (ex)™ (e mi X P - @ ma1 xT) B x] dx

j(ex)’“Sin[d (a+blLog[x])]Pdx —

Program code:

Int[(e_.*x_)"m_.*Sin[d_.*(a_.+b_.xLog[x_])]"p_.,x_Symbol] :=
(m+1) *p/ (2"pxb”p*d”p*p”p) *
Int [ExpandIntegrand[ (e*xx) “m* (E~ (axbxd”2xp/ (m+1) ) *x” (- (m+1) /p) -E” (-axbxd”2xp/ (m+1) ) *x* ( (m+1) /p)) *p,X],X] /;
FreeQ[{a,b,d,e,m},x] && IGtQ[p,0] && EqQ[b”2xd"2xp"2+ (m+1)~2,0]

Int[(e_.*x_)"m_.xCos[d_.x(a_.+b_.xLog[x_1)]"p_.,Xx_Symbol] :=
1/2~pxInt [ExpandIntegrand[ (e*x) “mx (E* (axbxd*2xp/ (m+1) ) *x”* (- (m+1) /p) +E” (-axbxd*2xp/ (m+1) ) *x* ( (m+1) /p) ) *p,X],Xx] /;
FreeQ[{a,b,d,e,m},x] && IGtQ[p,0] && EqQ[b”2xd"2xp"2+ (m+1)~2,0]
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X: J-(ex)’"sin[d (a+blLog[x])]1°dx when pez

Derivation: Algebraic expansion

1_g2iad y2ibd

Basis: sin [d (a+bLogx])] = YT

Zﬂadxzflhd

Basis: cos [d (a+bLog[x])] = %

2 eiad yibd

Rule: If p € Z, then

1 (ex)M (1 - g2iady2ibd)P
J(ex)’“sin[d (a+blLog[x])]Pdx — J ( ) dx
(—Zi)peiadp xibdp

Program code:
(* Int[(e_.*x_)"m_.*Sin[d_.*(a_.+b_.xLog[x_])]1"p_.,x_Symbol] :=
1/ ((-2%I)*p*E~ (Ixa*xdxp) ) *Int[ (e*xx) *m* (1-E” (2xIxaxd) *x” (2xIxbxd) ) *p/x* (Ixbxdxp) ,x] /;

FreeQ[{a,b,d,e,m},x] & & IntegerQ[p] =*)

(* Int[(e_.*x_)"m_.*Cos[d_.=*(a_.+b_.xLog[x_]1)]”p_.,x_Symbol] :=
1/ (2"p*E~ (Ixa*xd*p) ) *Int [ (exx) *m* (1+E” (2xIxaxd) *x” (2xIxbxd) ) *p/Xx” (Ixbxdxp) ,x] /;
FreeQ[{a,b,d,e,m},x] & & IntegerQ[p] =*)

2: J-(ex)’"sin[d (a+blLog[x])]1Pdx whenp¢z

Derivation: Piecewise constant extraction

HP. 3 pyibdp
BaS|S. Ay Sin[d (a+bLlog[x])]Px =0

(1_e2iadx2ibd)[’

HP. pyibdp
BaS|S. Ay Cos[d (a+blog[x])]1Px =0

(1+e2iadx2ibd)[’

Rule: If p ¢ Z,then
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Sin[d (a+bLog[x])]px"‘bdp J_(ex)m (1_e2iadx2ibd)P

j(ex)’"Sin[d (a+blog[x])]Pdx — dx
(1_e2:|'1adx21'1bd)P Xibdp
Program code:
Int[(e_.*x_)"m_.*Sin[d_.*(a_.+b_.xLog[x_])]~p_,x_Symbol] :=
Sin[dx (a+bxLog[x]) ]*p*Xx” (Ixbxdxp) / (1-E~ (2xIxaxd) xx" (2xIxbxd) ) “p*
Int[ (exx) mx (1-E” (2xIxaxd) *x~ (2xIxbxd) ) *p/x* (Ixbxdxp) ,x] /;
FreeQ[{a,b,d,e,m,p},x] && Not[IntegerQ[p]]
Int[(e_.*x_)”"m_.xCos[d_.=*(a_.+b_.xLog[x_1)]1”p_,x_Symbol] :=
Cos [dx (a+bxLog[x]) ]*p*Xx” (Ixbxdxp) / (1+E~ (2xIxaxd) xx” (2xIxbxd) ) “p*
Int[ (exXx)*mx (1+E” (24Ixa*d) *x” (2xIxbxd) ) *p/x" (Ixbxdxp) ,x] /;
FreeQ[{a,b,d,e,m,p},x] && Not[IntegerQ[p]]
3: J(ex)msin[d (a+blLog[cx"])]"dx
Derivation: Piecewise constant extraction and integration by substitution
Basis:o,—— == o
(cxm)¥/m
Basis: ﬂcx—x]- = %Subst[ixm-J X, cx"] 8 (cx")
Rule:
m+1 cx") ™" ginld (a+bLog[cx"])]?
J(ex)msin[d (a+blLog[cx"])]Pax — (€) J( ) [¢(a- g[ex])] dx
X

e (C xn) (m+1) /n

(ex)m+1 ) 1.
- Subst[J\x(m+ )/"-1gin[d (a+bLog[x])]Pdx, X, cx"]
n

en (cx") (m+1

Int[(e_.*x_)"™m_.*Sin[d_.*(a_.+b_.xLog[c_.*x_"n_.])1"p_.,x_Symbol] :=
(e%X) ™ (m+1) / (exnx (Cxx*n) A ((m+1) /n)) xSubst [Int [x" ((m+1) /n-1) +Sin[d« (a+bxLog[x]) ]*p,X],X,c*x*n]| /;
FreeQ[{a,b,c,d,e,m,n,p},x] & (NeQ[c,1] || NeQ[n,1])
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Int[(e_.*x_)"m_.xCos[d_.=*(a_.+b_.xLog[c_.*x_"n_.])]17p_.,x_Symbol] :=
(exx)~ (m+1) / (exnx (c*xx”n)~ ((m+1) /n) ) *Subst [Int [x" ( (m+1) /n-1) xCos [d* (a+bxLog[x]) 1*p,X],X,C*Xx*n] /;
FreeQ[{a,b,c,d,e,m,n,p},x] & (NeQ[c,1] || NeQ[n,1])

3: J(h (e+fLog[gx"]))%sin[d (a+bLog[cx"])] dx

Derivation: Algebraic expansion and piecewise constant extraction

Basis:Sin[d (a+blog[z])] = S e t@dz*Pd_ > gladzibd

(e—jladz—jlbd+ (ejiadzjlbd

N[R N
N = N |=-

Basis:Cos[d (a+blog[z])] ==

Rule:
f(h (e+flLog[gx"]))%sin[d (a+bLog[cx"])] dx —

ietad (cxn)t0d iet?d (cxn)iP?

zxﬁ.bdn

Jx-ibdn (h (e +fLog[gx"]))%ax - inbd“ (h (e+flLog[gx"]))%dx

zx-ibdn

Program code:

Int[(h_.*(e_.+f_.xLog[g_.*x_"m_.]))~q_.*Sin[d_.x(a_.+b_.xLog[c_.*x_"n_.])],x_Symbol] :=
I+E~ (-Ixaxd) » (C*x*n)~ (-Ixbxd) / (2xx" (~-Ixbxdxn)) »Int[x" (-Ixbxdxn) » (hx (e+FfxLog[g*x"m]))~q,x]| -
I+E~ (Ixaxd) » (Cxx*n) "~ (Ixbxd) / (2#X" (Ixbxdxn) ) +Int [x" (Ixbxdxn) » (h« (e+fxLog[g+x*m]))~q,x] /;
FreeQ[{a,b,c,d,e,f,g,h,m,n,q},x]

Int[(h_.x(e_.+f_.xLog[g_.*x_"m_.]1))~q_.#Cos[d_.(a_.+b_.xLog[c_.*x_"n_.1)],x_Symbol] :=
E"(—I*a*d)*(C*X"n)"(—I*b*d)/(2*x"(—I*b*d*n))*Int[x"(—I*b*d*n)*(h* (e+f*Log[g*x"m]))"q,x] +
E* (Ixaxd) * (Cxx”n) ~ (Ixbxd) / (2xx™ (Ixbxd#n) ) »Int[x* (Ixbxdxn) x (hx (e+fxLog[g+x"m]))~q,x] /;

FreeQ[{a,b,c,d,e,f,g,h,m,n,q},x]

11
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4: J(ix)r (h (e+fLog[gx"]))%sin[d (a+bLog[cx"])] dx

Derivation: Algebraic expansion and piecewise constant extraction

~iad ,-ibd _ i giad,ibd

Basis: Sin[d (a+blLog[z])] = t e

N[R N[
N = N |=-

—Jiadz—jlbd+ Jiadzjlbd

e

Basis:Cos[d (a+blog[z])] == - e

Rule:
j(ix)r (h (e+fLog[gx"]))%sin[d (a+bLog[cx"])] dx —

ietad (ix)'" (cx")"1bd

2Xr+ﬁ.bdn

ietad (ix)r (c x")"'lbd

zxr-ibdn

Jxr-ibdn (h (e+fLog[gxm]))qd1X— J){'*“dn (h (e+fLog[ng]))qd1X

Program code:

Int[(i_.#x_)~r_.#(h_.*(e_.+f_.xLog[g_.*x_"m_.]))~q_.*Sin[d_.x(a_.+b_.xLog[c_.*x_"n_.])],x_Symbol] :=
IxEN (-Ixad) » (1%X) Ar# (C#x”n) A (-Ixbxd) / (2%x" (P-Ixbxdxn)) »Int[x* (r-Ixbxd#n) « (h« (e+fxLog[g+x m]))~q,x] -
I+E~ (Ixaxd) » (1%X) Arx (c*xn) ~ (Ixbxd) / (2#X" (P+Ixbxdxn) ) +Int [x" (r+Ixbxdxn) » (h« (e+fxLog[gxx*m]))~q,x] /;

FreeQ[{a,b,c,d,e,f,g,h,i,m,n,q,r},x]

Int[(i_.#x_)~r_.x(h_.x(e_.+f_.xLog[g_.*x_"m_.]1))~q_.#Cos[d_.x(a_.+b_.+Log[c_.*x_"n_.]1)],x_Symbol] :=
EN (-Ixaxd) x (i*x) Arx (CxX™n) ~ (-Ixbxd) / (2xx” (r-Ixbxdxn)) xInt [X"(r‘—I*b*d*n) * (h* (e+-F*Log[g*x"m] ) ) "q,x] +
E* (Ixaxd)  (i#X) Ar# (C+x"n) A (Ixbxd) / (2%x” (P+Ixbxdxn)) »Int[x* (r+Ixbxd#n) « (h« (e+fxLog[g*x m]))~q,x] /3

FreeQ[{a,b,c,d,e,f,g,h,i,m,n,q,r},x]

12



Rules for integrands of the form x~m trig(a+b log(c x~n))\p

2. JuTan[d (a+blLog[cx"]) ] ax

1.

Tan[d (a+blLog[cx"])]"dx

1: |[Tan[d (a+bLog[x])]Pdx

Derivation: Algebraic expansion

Basis: Tan[z] = iiet’?

1+e2i2

Basis: cot[z] == =it

l_ezfnz

Rule:

Program code:

4 - @2iady2ibd\P

JTan[d (a+blog[x])]Pdx — J(— dx

1+e2ﬁ.adxzﬁ.bd

Int[Tan[d_.=*(a_.+b_.xLog[x_1)1”p_.,Xx_Symbol] :=
Int[ ((I-I*E” (2xIxaxd) *x” (2xIxbxd))/ (1+E” (2xIxaxd) *x” (2xIxbxd)) ) p,x] /;

FreeQ[{a,b,d,p},x]

Int[Cot[d_.*(a_.+b_.xLog[x_1)1”p_.,Xx_Symbol] :=
Int[ ((-I-I*E*(2xIxaxd)*x" (2xIxbxd))/ (1-E*(2xIxaxd) *x" (2xIxbxd)))" p,x] /;

FreeQ[{a,b,d,p},x]

13



Rules for integrands of the form x~m trig(a+b log(c x~n))\p

2: [Tan[d (a+bLog[cx"])]"dx

Derivation: Piecewise constant extraction and integration by substitution

Basis:o,—— == 0
X(cxﬂlﬁ

Basis: ﬂcx—x]- == %Subst[ixm-, X, €x"] 8, (cx")

Rule:
"Y"Tan[d (a+blL n1)1?
franfa (2 progfex])rax — X (LX) T (e erlod)]
(cx")l/" X
S - Subst[jxl/"‘l Tan[d (a+bLog[x])]Pdx, X, cx"]
n(cxn)l/n

Int[Tan[d_.x(a_.+b_.*Log[c_.*x_"n_.])]1"p_.,x_Symbol] :=
X/ (n* (c*x”n)~ (1/n) ) *Subst [Int [x*(1/n-1) *xTan[d* (a+bxLog[x]) ] *p,X],X,C*Xx*n] /;
FreeQ[{a,b,c,d,n,p},x] & & (NeQ[c,1] || NeQ[n,1])

Int[Cot[d_.x(a_.+b_.xLog[c_.*x_"n_.])]1"p_.,x_Symbol] :=
X/ (n* (c*x”n)~ (1/n) ) *Subst [Int [x*(1/n-1) xCot [d* (a+bxLog[x]) ]*p,X],X,C*Xx*n] /;
FreeQ[{a,b,c,d,n,p},x] & & (NeQ[c,1] || NeQ[n,1])

dx

14



Rules for integrands of the form x~m trig(a+b log(c x~n))\p

2. J(ex)'“Tan[d (a+blLog[cx"])]”dax

1: J(ex)mTan[d (a+bLog[x])1Pdx

Derivation: Algebraic expansion

Basis: Tan[z] == iie’’?

1+e2i2

Basis: cot[z] == =it

l_ezn

Rule:

i -4 @2iady2ibd)\P

J.(ex)'“Tan[d (a+blLog[x])]1°Pdx — j(ex)'" [— dx

1+e21‘1adx21'1bd

Program code:

Int[(e_.*x_)”m_.xTan[d_.x(a_.+b_.xLog[x_]1)]”p_.,x_Symbol] :=
Int[ (e*x) m* ( (I-I*E~(2*xIxa%d) *x” (2xIxbxd)) / (1+E~ (2xIxa*d) *x”* (2xIxbxd)) ) p,x] /;
FreeQ[{a,b,d,e,m,p},X]

Int[(e_.*x_)”~m_.xCot[d_.x(a_.+b_.xLog[x_1)]”p_.,x_Symbol] :=
Int[ (exx)mx ( (-I-I%xE” (2xIxaxd) *xx” (2xIxbxd) )/ (1-E* (2xIxaxd) xx” (2xIxbxd)))p,x] /;
FreeQ[{a,b,d,e,m,p},X]



Rules for integrands of the form x~m trig(a+b log(c x~n))\p

2: J(ex)"‘Tan[d (a+blLog[cx"])]"dx

Derivation: Piecewise constant extraction and integration by substitution

Basis:o,—— == 0
X(cx")l/"

Basis: ﬂcx—x]- =1 Subst[ixm-, X, €x"] 8, (cx")

(e x)™! J-(c x")("”l)/" Tan[d (a+blog[cx"])]"

(ex)"Tan[d (a+bLog[cx"])]Pdx —
[renmTenls (o roatex]) o — N

X

(ex) m (m+1) /n-1 p n
— WSubst[Jx Tan[d (a+bLog[x])]°dx, x, cx ]
en (cx

Int[(e_.*x_)~m_.xTan[d_.x(a_.+b_.xLog[c_.*x_“n_.])]"p_.,Xx_Symbol] :=
(exx)~(m+1) / (exnx (cxx*n)~ ( (m+1) /n)) *Subst [Int [x* ((m+1) /n-1) *Tan[d» (a+bxLog[x]) ]*p,X],X,C*Xx*n] /;
FreeQ[{a,b,c,d,e,m,n,p},x] & (NeQ[c,1] || NeQ[n,1])

Int[(e_.*x_)”~m_.xCot[d_.x(a_.+b_.xLog[c_.*x_“n_.])]"p_.,Xx_Symbol] :=
(exx)~(m+1) / (exn* (cxx*n)~ ( (m+1) /n) ) *»Subst [Int [x* ((m+1) /n-1) *Cot [d* (a+bxLog[x]) ]1”p,X],X,C*X*n] /;
FreeQ[{a,b,c,d,e,m,n,p},x] & (NeQ[c,1] || NeQ[n,1])

dx
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Rules for integrands of the form x~m trig(a+b log(c x~n))\p

3. JuSec[d (a+blLog[cx"]) ] ax
1. |Sec[d (a+bLlog[cx"])]"dx
1. |Sec[d (a+bLog[x])]1Pdx

1: |[Sec[d (a+bLog[x])]Pdx whenpez

Derivation: Algebraic expansion

2eiadxibd

Basis: sec[d (a+bLogx])] = 257

jadxjnbd

Basis: csc[d (a+blLog[x])] = - 2=

1_@2iad y2ibd

Rule: If p € Z, then

_ xibdp
JSec[d (a+blog[x])1Pdx — Zpenadpf . : dx
(1+e21ladXand)P

Program code:

Int[Sec[d_.*(a_.+b_.xLog[x_1)1”p_.,Xx_Symbol] :=
27pxE” (Ixaxdxp) *Int [X~ (Ixbxd*p) / (1+E~ (2xIxaxd) xx* (2xIxbxd) ) p,x] /;
FreeQ[{a,b,d},x] &% IntegerQ[p]

Int[Csc[d_.*(a_.+b_.xLog[x_1)1”p_.,Xx_Symbol] :=
(-2%I) "p*xE~ (Ixa*xdxp) xInt [x" (Ixbxdxp) / (1-E” (2xIxaxd) xx~ (2xIxbxd) ) p,x] /;
FreeQ[{a,b,d},x] &% IntegerQ[p]



Rules for integrands of the form x~m trig(a+b log(c x~n))\p

2: |Sec[d (a+blLog[x])]°dx when p¢z

Derivation: Algebraic expansion and piecewise constant extraction

i P 2iady2ibd\P
Basis: o, Secld (asbLog[x]) 1° (1re?t2d libd)

xibdp

BaS|S: 3, Csc[d (a+bLog[x])]P (1-e2%3d x2ibd)P

X]ibdp

Rule: If p ¢ Z, then

Sec[d (a+blog[x])]° (1+e

ZiadXZibd

Xibdp

JSec[d (a+blLog[x])]1Pdx —

Program code:

Int[Sec[d_.x(a_.+b_.xLog[x_]1)]”p_.,Xx_Symbol] :=
Sec[d* (a+bxLog[x]) ]"p* (1+E” (2%Ixaxd) *x* (2xIxbxd) ) *p/x" (Ixbxdxp) *
Int [x* (Ixbxdxp) / (1+E” (2xIxaxd) *x” (2xIxbxd) ) p,x] /;
FreeQ[{a,b,d,p},x] && Not[IntegerQ[p]]

Int[Csc[d_.*(a_.+b_.xLog[x_1)1”p_.,x_Symbol] :=
Csc[d* (a+bxLog[x]) ]"p* (1-E” (2%Ixaxd) *x* (2xIxbxd) ) *p/x" (Ixbxdxp) *
Int [x* (Ixbxdxp) / (1-E” (2xIxaxd) *x” (2xIxbxd) ) p,x] /;
FreeQ[{a,b,d,p},x] && Not[IntegerQ[p]]

xibdp

1k
J(1+e

Ziadxzibd

)P

dx



Rules for integrands of the form x~m trig(a+b log(c x~n))\p

2: [sec[d (a+bLog[cx"])]"dx

Derivation: Piecewise constant extraction and integration by substitution

Basis:o,—— == 0
X(cxﬂlﬁ

Basis: ﬂcx—x]- == %Subst[ixm-, X, €x"] 8, (cx")

Rule:
n 1/"5 d bL n p
foecla (3 vrogfex])rax — X (LX) Sedefterierlodd)]
(cx")l/" X
S - Subst[jxl/"‘l Sec[d (a+bLog[x])]Pdx, x, cx"]
n (cxn)l/n

Int[Sec[d_.x(a_.+b_.xLog[c_.*x_"n_.])]1"p_.,x_Symbol] :=
X/ (n* (c*x”n)” (1/n) ) *Subst [Int [x*(1/n-1) *Sec[d* (a+bxLog[x]) ]*p,X],X,C*Xx*n] /;
FreeQ[{a,b,c,d,n,p},x] & & (NeQ[c,1] || NeQ[n,1])

Int[Csc[d_.x(a_.+b_.xLog[c_.*x_"n_.])]1"p_.,x_Symbol] :=
X/ (n* (c*x”n)~ (1/n) ) *Subst [Int [x*(1/n-1) *Csc[d* (a+bxLog[x]) ]*p,X],X,C*Xx*n] /;
FreeQ[{a,b,c,d,n,p},x] & & (NeQ[c,1] || NeQ[n,1])

dx
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Rules for integrands of the form x~m trig(a+b log(c x~n))\p

2. J(ex)'“Sec[d (a+bLog[cx“])]pdlx
1. J(ex)mSec[d (a+blLog[x])]Pdx

1: J(ex)mSec[d (a+blLog[x])1°dx when pez

Derivation: Algebraic expansion

2 eiad yibd

Basis: sec [d (a+blog[x])] =

1+e21’1adx2ibd

iadxj'xbd

Basis: csc[d (a+bLog[x])] = - 2i=

1_@2iady2ibd

Rule: If p € Z, then

(e

X)mxibdp

J(ex)“‘Sec[d (a+bLog[x])1Pdx — 2peiadpj
(1+e

Program code:

Int[(e_.*x_)”"m_.*Sec[d_.=*(a_.+b_.xLog[x_]1)]”p_.,x_Symbol] :=
27pxE” (Ixaxdxp) *Int[ (exx) *mxx” (Ixbxdxp) / (1+E” (2xIxaxd) *x” (2xIxbxd) ) p,x] /;
FreeQ[{a,b,d,e,m},x] & & IntegerQ[p]

Int[(e_.*x_)"m_.*Csc[d_.=*(a_.+b_.xLog[x_]1)]”p_.,x_Symbol] :=
(-2%I) "p*E~ (Ixa*xd*p) *Int[ (exX) *mxx” (Ixbxdxp) / (1-E* (2xIxa*d) *x” (2xIxbxd) ) p,x] /;
FreeQ[{a,b,d,e,m},x] & & IntegerQ[p]

dx
21adx21bd)P

20



Rules for integrands of the form x~m trig(a+b log(c x~n))\p

2: j(ex)’“Sec[d (a+blLog[x])]1Pdx whenp¢z

Derivation: Algebraic expansion and piecewise constant extraction

i P 2iady2ibd\P
Basis: o, Secld (asbLog[x]) 1° (1re?t2d libd)

xibdp

BaS|S: 3, Csc[d (a+bLog[x])]P (1-e2%3d x2ibd)P

X]ibdp

Rule: If p ¢ Z, then

Sec[d (a+blog[x])]? (1+e

21'Ladx21'1bd

(e

X)mxibdp

f(ex)'“Sec[d (a+bLog[x])1Pdx —

Program code:

Int[(e_.*x_)”~m_.xSec[d_.x(a_.+b_.xLog[x_]1)]”p_.,x_Symbol] :=
Sec[d* (a+bxLog[x]) ]"p* (1+E” (2%Ixaxd) *x* (2xIxbxd) ) *p/x" (Ixbxdxp) *
Int[ (exXx) "mxx” (Ixbxd*p) / (1+E~ (2xIxa*d) *x* (2xIxbxd) ) p,x] /;
FreeQ[{a,b,d,e,m,p},x] && Not[IntegerQ[p]]

Int[(e_.*x_)"m_.*Csc[d_.=*(a_.+b_.xLog[x_]1)]”p_.,x_Symbol] :=
Csc[d* (a+bxLog[x]) ]"p* (1-E” (2%Ixaxd) *x* (2xIxbxd) ) *p/x" (Ixbxdxp) *
Int[ (exx) mxx”~ (Ixbxd*p) / (1-E~ (2xIxa*d) *x* (2xIxbxd) ) p,x] /;
FreeQ[{a,b,d,e,m,p},x] &% Not[IntegerQ[p]]

X1'1bdp

)P
I

l+e

ZiadXZibd

)P

dx



Rules for integrands of the form x~m trig(a+b log(c x~n))\p

2: J(ex)"‘Sec[d (a+blLog[cx"])]"dx

Derivation: Piecewise constant extraction and integration by substitution

Basis:o,—— == 0
X(cx")l/"

Basis: ﬂcx—x]- =1 Subst[ixm-, X, €x"] 8, (cx")

(e x)™? J-(c x") ™1 /"sec[d (a+bLog[cx"])]P

(ex)"sec[d (a+bLog[cx"])]Pdax —
[ren7secls o rontex]) o —

X

(ex) m (m+1) /n-1 p n
— WSubst[Jx Sec[d (a+bLog[x])]°dx, x, cx ]
en (cx

Int[(e_.*x_)”~m_.xSec[d_.x(a_.+b_.xLog[c_.*x_“n_.])]"p_.,Xx_Symbol] :=
(exx)~(m+1) / (exnx (cxx*n)~ ((m+1) /n)) *Subst [Int [x* ((m+1) /n-1) *Sec [d» (a+bxLog[x]) ]*p,X],X,C*Xx*n] /;
FreeQ[{a,b,c,d,e,m,n,p},x] & (NeQ[c,1] || NeQ[n,1])

Int[(e_.*x_)~m_.xCsc[d_.x(a_.+b_.xLog[c_.*x_“n_.])]"p_.,Xx_Symbol] :=
(exx)~(m+1) / (exnx (cxx*n)~ ((m+1) /n)) *»Subst [Int [x* ( (m+1) /n-1) *Csc [d» (a+bxLog[x]) ]”p,X],X,C*Xx*n] /;
FreeQ[{a,b,c,d,e,m,n,p},x] & (NeQ[c,1] || NeQ[n,1])

dx
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Rules for integrands of the form x~m trig(a+b log(c x~n))\p

Rules for integrands of the form u Trig[a x" Log[b x]] Log[b x]

1.\[uSin[ax"Log[bx]]Log[bx]dx

1: JSin[axLog[bx]] Log[b x] dx

Rule:

Cos[axLog[bx]]

J.Sin[axLog[bx]] Log[bx] dx — - —jSin[axLog[bx]] dx

a

Program code:

Int[Sin[a_.#x_sLog[b_.*x_]]*Log[b_.*x_],x_Symbol] :=
-Cos[axxxLog[bxx]]/a - Int[Sin[asxxLog[bxx]],x] /;
FreeQ[{a,b},x]

Int[Cos[a_.*x_x*Log[b_.*x_]]*Log[b_.*x_],x_Symbol] :=
Sin[axx*Log[b*x] ]/a - Int[Cos[axxxLog[b*x]]1,x] /;
FreeQ[{a,b},x]

23



Rules for integrands of the form x~m trig(a+b log(c x~n))\p

2: |x"sin[ax"Log[bx]] Log[bx] dx whenm==n -1

Rule:If m == n - 1, then

Cos[a x" Log[b x]] 1

Jxm Sin[ax"Log[bx]] Log[bx] dx — -

Program code:

Int[x_"m_.xSin[a_.*x_"n_.xLog[b_.*x_]]xLog[b_.*x_],x_Symbol] :=
-Cos[a*x"nxLog[bxx]]/ (a*n) - 1/nxInt[x*mxSin[asx nxLog[bxx]],x] /;
FreeQ[{a,b,m,n},x] &% EqQ[m,n-1]

Int[x_~m_.xCos[a_.*x_"n_.xLog[b_.*x_]]*Log[b_.*x_],x_Symbol] :=
Sin[axx~nxLog[bxX] ]/(a*n) - 1/nxInt[x*mxCos [a*x*nxLog[b*xx]],x] /;
FreeQ[{a,b,m,n},x] && EqQ[m,n-1]

an

n

Jx’" Sin[ax"Log[bx]] dx

24



